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Non-Commutative Conditional Expectations 1954 [8]
– –




$\mathcal{H}=\{u,\mathrm{e}" x, y, \cdots, \varphi, \psi, \cdots\}$
$<\cdot,$ $\cdot>$ , ( ) $\alpha,$ $\beta$ , \mbox{\boldmath $\gamma$}, .
$\mathcal{B}(\mathcal{H})$ $\equiv$ H
$\forall x,$ $y,$ $\varphi\in \mathcal{H}$
$(_{X\otimes\overline{y}})\varphi=<y,$ $\varphi>x$
$x\otimes\overline{y}\in e(\mathcal{H})$ (rank 1)
$x\otimes\overline{y}=0\Leftrightarrow x=0$ or $y=0$.
$x\otimes\overline{y}$ von Neumann Schatten [5]
Dirac $x\otimes\overline{y}=|x><y|$
( [11], p.268 )
$\Gamma=[a, b]$ $\Gamma$ Hilbert $\mathrm{L}^{2}(\Gamma),$ $\mathrm{L}^{2}(\Gamma \mathrm{x}\Gamma)$ 2
( ) $K(\cdot, \cdot)\in \mathrm{L}^{2}(\Gamma \mathrm{x}\Gamma)$ $K$ :
$K:x \in \mathrm{L}^{2}(\Gamma)arrow(Kx)(t)=\int_{\Gamma}K(s, t)x(s)ds\in \mathrm{L}^{2}(\Gamma)$.
$K$ $\mathrm{L}^{2}(\Gamma)$ Hilbert-Schmidt \cap $K\in \mathrm{H}\mathrm{S}(\mathcal{H})(\mathcal{H}=\mathrm{L}^{2}(\Gamma))$
$K$ adjoint $K^{*}$
$K^{*}$ : $K^{*}(s, t)=\overline{K(t,s)}$ , $a.e$ . $s,$ $t\in\Gamma$ .
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K s $.a$ . $\Leftrightarrow$ $K= \sum\lambda_{n}x_{nn}\otimes\overline{X}$ (1.1)




2 $K(s, t)$ $K(\cdot, \cdot)\in C(\Gamma\cross\Gamma)$ positive definite






$||K- \sum\lambda Xnn\otimes\overline{x_{n}}||$ $arrow$ . $0$ . (22)
trace-norm ( ) \cap




2 moment $\mathrm{L}^{2}$- :
$\xi=\xi(t)=\xi(t, \cdot),$ $t\in\Gamma$
base $\Omega=$ ( $\Omega$ , , $\mu$)
$K_{\xi}(s, t)\equiv E(\overline{\backslash (cs,\cdot)}\xi(t, \cdot))$, $s,$ $t\in\Gamma$ .
$\xi$ L2-
$K_{\xi}(\cdot, \cdot)\in C(\Gamma\cross \mathrm{r})$ , $\mathrm{p}\mathrm{o}\mathrm{s}$ . definite.
86
$K_{\xi}$ $K_{\xi}\in \mathrm{H}\mathrm{S}(\mathrm{L}^{2}(\Gamma))$ Mercer
$K_{\xi}\in \mathrm{T}\mathrm{C}(\mathrm{L}^{2}(\mathrm{r}))$, $\mathrm{p}\mathrm{o}\mathrm{s}$ . $\mathrm{s}$ . $\mathrm{a}$ .
\cap $K_{\xi}$ $\xi$ $\cap$ :
Hilbert $H_{\xi}(\Gamma)$ $=$ $\overline{\mathrm{r}\mathrm{a}\mathrm{n}}K_{\xi}$ ( $\mathrm{L}^{2}(\Gamma)$ , ran$=\mathrm{r}\mathrm{a}\mathrm{n}_{\mathrm{b}}\sigma \mathrm{e}$ )
$\mathrm{C}\mathrm{O}\mathrm{N}\mathrm{S}\xi(\Gamma)$ $=$ $\mathcal{H}_{\xi}(\Gamma)$
$\exists\{e_{n}\}\in \mathrm{C}\mathrm{O}\mathrm{N}\mathrm{S}\xi(\Gamma)$ : $K_{\xi}= \sum p(en)e_{n}\otimes\overline{e_{n}}$ (3.1)
$e_{n}$ $K_{\xi}$ $p(e_{n})$ :
$K_{\xi}e_{n}=p(e_{n})e_{n}$ , $7l=1,2,$ $\cdots$
(3.2) $\sum$ Mercer
$0$ $<$ $\int_{\Gamma}K_{\xi}(\theta, t)dt$ $=$ $\sum p(e_{n})\int_{\Gamma}|e_{n}(t)|2dt$ $=$ $\sum p(e_{n})$ $=\mathrm{T}\mathrm{r}(K_{\xi})$ (3.2)
$\forall\{\varphi_{n}\}\in \mathrm{C}\mathrm{o}\mathrm{N}\mathrm{S}\xi(\mathrm{r})$
$p(\varphi_{n})$ $= \int_{\Omega}|\int_{\Gamma}\varphi_{n}(t)\xi(t, \omega)dt|2d\mu(\omega)$ (3.3)
(3.3)
$p(\varphi_{n})$ $=<\varphi_{n},$ $K\varphi_{n}>$ . (3.4)
(3.3) (3.4) (3.2) $p(e_{n})$ (3.3) $\varphi_{n}=e_{n}$
\S 4. Operator Conditional Expectations
\S $K_{\xi}$ $e_{n}(\cdot)_{\text{ }}$ $p(e_{n})$
- $\{\varphi_{n}\in \mathrm{C}\mathrm{O}\mathrm{N}\mathrm{S}\xi(\Gamma)\}$ $\varphi_{n}$ (3.3)
$p(\varphi_{n})$ $K_{\xi}’$
$K_{\xi}= \sum p(e_{n})en\otimes\overline{e_{n}}arrow K_{\xi}’=\sum p(\varphi_{n})\varphi_{n}\otimes\overline{\varphi n}$
Operator Condltional Expectations ( )
:




$\varphi_{1}\otimes\overline{\varphi_{1}},$ $\varphi_{2}\otimes\overline{\varphi_{2}},$ $\cdots$ von Neumann
$\{$ . . . $\}$ $\{\varphi_{1}\otimes\overline{\varphi 1}, \varphi 2\otimes\overline{\varphi_{2}}, \cdots, \varphi n\otimes\overline{\varphi n}\}$ ” Operator
Conditional Expectations Operator Martingales
$\cap$ $71arrow\infty$ Operator Martingale
$(_{\mathrm{S}\mathrm{t}\mathrm{p}-}\mathrm{r}\mathrm{o}\mathrm{n}\mathrm{g}-\mathrm{O}\mathrm{e}\mathrm{r}\mathrm{a}\mathrm{t}\mathrm{o}\mathrm{r}\mathrm{t}\mathrm{o}\mathrm{p}\mathrm{o}\mathrm{l}\mathrm{o}\mathrm{g}\mathrm{y}^{)}$ $K_{\xi}’$
Operator Martingale von Neumann $\cap$
$\mathcal{H}$ $P,$ $Q$ $A$
$A^{|P}=PAP+(I-P)A(I-P)$ , $A^{|P|Q}=(A^{|P})^{|Q}$
$P_{n}= \sum_{=j1}^{n}\varphi j\otimes\overline{\varphi_{j}}$ , $?\mathrm{t}=1,2,$ $\cdots$
:
$A^{P_{1}P_{2}}\ldots \mathrm{p}n$
$\equiv$ $(A^{P_{1}\cdots \mathcal{P}_{\iota}}’-1)^{\mathcal{P}\tau}?(\equiv A_{n})$
$\{A_{n}\}_{n=1}^{\infty}$ Operator Martingale
$[2]_{\text{ }}[4]_{\text{ }}$ [9] .
\S 5. Karhunen-Lo\’eve
$\xi=\xi(t, \cdot)(t\in\Gamma)$ , \S , $\mathrm{L}^{2}$- $\mathrm{L}^{2}(\Omega)$
$\mathcal{H}_{\xi}$ :
$\mathcal{H}_{\xi}$
$\equiv\overline{\mathrm{s}_{\mathrm{P}^{\mathrm{a}\mathrm{n}\{\xi}}}(t, \cdot)$ ; $t\in\Gamma$ } $(\subset \mathrm{L}^{2}(\Omega))$ .
Hilbert $\mathcal{H}_{\xi}$ $\mathrm{C}\mathrm{O}\mathrm{N}\mathrm{S}\xi(\Omega)$
$\Gamma$ $\{e_{n}\}$ ( \S ) $\mathrm{L}^{2}$ (\Omega )- Bochner
$\eta_{n}(\cdot)$ $\equiv$ $\frac{1}{\sqrt{p(e_{n})}}\int_{\Gamma}\xi(t, \cdot)e_{n}(t)dt$ (5.1)
$6^{\text{ }}$
51. (5.1) $\{\eta_{n}\}-$ Hilbert $\mathcal{H}_{\xi}$
i.e., $\{\eta_{n}\}\in \mathrm{C}\mathrm{O}\mathrm{N}\mathrm{s}\xi(\Omega)$ .





$=$ $(p_{m}p_{n})-1/2 \int_{\Omega}\int_{\Gamma}\int_{\Gamma}\overline{\xi(s,\omega)e_{m}(s)}\xi(t, \omega)e_{n}(t)d_{S}dtd\mu(\omega)$
$=$ $(p_{m}p_{n})-1/2 \int_{\Gamma}\int_{\Gamma}\overline{e_{m}(s)K\xi(S,t)}en(t)dsdt\cdot$ ($K_{\xi}$ \S 2, \S 3 )
$=$ $(p_{m}p_{n})-1/2 \int_{\Gamma}\overline{e_{m}(S)}(K_{\xi}e)n(\mathit{8})d_{S}$
$=$ $(p_{m}p_{n})-1/2<e_{m},p_{nn}e>$
$=$ $\delta_{m,n}$ (Kronecker $\delta$ )
$f\in \mathcal{H}_{\xi}$
$<f,$ $\eta_{n}>=0$ for $\forall n=1,2,$ $\cdots$ ,
,
$<f,$ $?7n>$ $=$ $\int_{\Omega}\overline{f(\omega)}\eta n(\omega)d_{l}\lambda(\omega)$
$=$ $p_{n}^{-1/2} \int_{\Omega}\int_{\Gamma}\overline{f(\omega)}\xi(t,\omega)e_{n}(.t)dtd\mu(\omega)$
$=$ $p_{n}^{-1/2} \int_{\Gamma}(\int_{\Omega}\overline{f(\omega)}\xi(t, \omega)d\mu(\omega))en(t)dt$
$n=1,2,$ $\cdots$ ,
$\int f(\omega)\xi(t,\omega)d\{l(\omega)=0$, $\forall t\in\Gamma$ ,
$\xi(t,\omega)$
$<f,$ $g>=0$ for $\forall g\in \mathcal{H}_{\xi}$ ,
$f=0$ .







\cap Operator Conditional Expectations
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